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Abstract
We construct the generator of hamiltonian gauge symmetries in a 2+1 dimensional massive
theory of gravity, proposed recently, through a systematic off-shell algorithm. Using a field
dependent map among gauge parameters we show that the symmetries obtained from this
generator are on-shell equivalent to the Poincare´ gauge symmetries. We also clarify certain
subtle issues concerning the implementation of this map.
1 Introduction
A unitary, renormalizable theory of gravity with propagating degree(s) of freedom is a long sought
goal towards our understanding of gravitation. Recently, such a proposal (‘new massive gravity’
or ‘BHT gravity’ [1, 2]) with massive propagating modes in 3 spacetime dimensions has gener-
ated much interest [3–12], having particular emphasis on its symmetries [8, 9]. A massive spin 2
description is quite standard. At the linearised level of Einstein gravity, we have the standard non-
interacting Fierz-Pauli (FP) model [13] in any dimension. It is unitary, and in 3D has two massive
degrees of freedom. Also in 3D, addition of a Chern-Simons term (in the connection variables)
gives the topologically massive gravity (TMG) model [14, 15]. This theory violates parity and
has one propagating degree of freedom. The BHT gravity is unitary and can give an interacting
∗Also, Visiting Associate at S. N. Bose National Centre for Basic Sciences, JD Block, Sector III, Salt Lake,
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theory at the non-linear level, unlike the FP model. It is given by the action
S =
1
κ2
∫
d3x
√
g
[
R+
1
m2
K
]
, (1)
where R, the Ricci scalar is the contraction of the Ricci tensor (Rµµ) and K = RµνR
µν− 38R2. The
BHT model can be both motivated as a non-linear generalization of the FP model, or a soldering
of two TMG massive modes [16,17]. The interesting point to note is that the model is unitary in
spite of fourth order derivatives present in the action, through the K term.
Now, interest in 3D gravity is fuelled by studies on the the AdS/CFT correspondence and
towards understanding fundamental problems such as entropy of the (BTZ-type) black-hole solu-
tions. The BHT action (1) can incorporate a cosmological term to give the action
S =
1
κ2
∫
d3x
√
g
[
σR+
1
m2
K − 2λm2
]
. (2)
The unitarity and stability of this model depends in general on the choice of parameters and
unitarity has been studied in different regions of the parameter space (see for example, [2]).
A consistent canonical constraint analysis of BHT gravity has been carried out in [8,18]. In [8],
this was done in the first-order formulation through the Poincare´ gauge theory (PGT) construction
[19–23]. However the gauge generator (from which transformation of the basic fields are obtained)
is constructed by an on-shell algorithm due to Castellani [24]. This view of symmetries is restricted
in the sense that it views symmetries as maps between solutions to solutions of the equations of
motion, rather than as a map between field configurations.
In this paper, we shall construct the gauge generator of cosmological BHT gravity [2] through
a hamiltonian algorithm following [25, 26] which is off-shell and uses on the total hamiltonian.1
This procedure has been used recently in the context of diffeomorphism symmetry in string theory
[28, 29], second order metric gravity [30], interpolating formulation of bosonic string theory [31],
and also in topological gravity with torsion in (2+1)-dimensions [32]. The formalism treats gauge
symmetries of the action at an off-shell level, i.e. it views symmetries as maps between field
configurations in the action.
The derivation of the generator in the present case of BHT gravity is more subtle. The theory
contains second-class constraints which have not been removed completely through Dirac brackets
as is usually done (see, for instance, [32]). This is in complete contrast to earlier examples where
the theories either comprised of first-class constraints and/or second-class constraints which were
totally removed through Dirac brackets.
After constructing the generator, we will give explicit expression of the symmetries of the
basic fields. It will be shown that these symmetries can be mapped to the underlying Poincare´
symmetries through a field dependent map between gauge parameters. This mapping is only
possible on-shell, i.e. upon imposition of the equations of motion. In particular, we show that
the symmetry of the triad field biµ, which is related to the metric through gµν = b
i
µb
j
ν ηij, is
identifiable with the Poincare´ symmetries upon imposition of an equation of motion that implies
zero torsion. This is interesting, as it is precisely the condition of zero torsion that takes us
from the Riemann-Cartan spacetime of PGT to the Riemannian spacetime in which BHT was
originally formulated, adopting a usual metric formalism. We will also show that though this map
1See [27] for a treatment of symmetries using the extended hamiltonian formulation.
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is field dependent, it can be used in the generator both after and before computing symmetries,
equivalently, to relate the two sets of symmetries.
We would like to emphasize that the computation of the canonical generator at an off-shell
level would be important in cleanly obtaining the conserved charges of BHT gravity. Since black
hole solutions are known to exist in this theory [5, 33–35], hence a knowledge of the conserved
charges would prove to be useful in studying various thermodynamic aspects, like entropy and
area law.
Let us now briefly explain the organisation of our article. We begin in section 2 with the canon-
ical description of the model following [8], listing all the first-class and second-class constraints of
the theory. In section 3 we systematically construct the off-shell generator of gauge symmetries in
detail. In the following section 4, we study the hamiltonian gauge symmetries of the basic fields
by employing the generator constructed in the previous section. We also study the relation of
these symmetries to the Poincare´ symmetries through a mapping of the gauge parameters. In this
same section, we demonstrate a mechanism for a consistency check of our algorithm. Finally, we
conclude in section 4 with a short summary. And below, we give a description of some important
notational conventions adopted in our calculations.
Summary of conventions: Latin indices refer to the local Lorentz frame and the Greek indices refer
to the coordinate frame. The beginning letters of both alphabets (a, b, c, . . .) and (α, β, γ, . . .) run
over the space part (1,2) while the middle alphabet letters (i, j, k, . . .) and (µ, ν, λ, . . .) run over
all coordinates (0,1,2). The totally antisymmetric tensor εijk and the tensor density εµνρ are both
normalized so that ε012 = 1. The signature of space-time adopted here is η = (+,−,−).
2 Canonical description of the model
We begin our analysis with first order form of BHT massive gravity, written in accordance with
the PGT formalism, where the basic variables are the triads biµ and spin connections ω
i
µ [8].
The formulation of PGT starts on a globally flat space (here 3D) with a local set of orthogonal
coordinates at each point. Any global field Aµ is written in terms of these local coordinates Ai by
a set of vielbein fields ‘b’ (triads) as Aµ(x) = biµ(x)Ai(x). The Lagrangian is made invariant under
global Poincare´ transformations by construction. Localisation of this global Poincare´ symmetry
demands the introduction of covariant derivatives ∇µ = ∂µ + Connµ through compensating con-
nection variables ‘Conn’ in the standard manner of constructing gauge theories. The respective
field strengths defined through the commutator of the covariant derivatives gives the Riemann
tensor Riµν and the torsion T
i
µν :
Riµν = ∂µω
i
ν − ∂µωiν + ǫijkωjµωkν
T iµν = ∇µbiν −∇νbiµ.
(3)
Here the covariant derivative of the triad is defined as ∇µbiν = ∂µbiν + ǫijkωjµbkν , with ωjµ being
the ‘spin connections’ arising out of the connection part Conn of the covariant derivative. The
spacetime naturally occurring in this construction is thus the Riemann-Cartan spacetime with
non-zero torsion. The transformation of the basic fields under the Poincare´ transformations are:
δPGT b
i
µ = −ǫijkbjµθk − ∂µξρ biρ − ξρ ∂ρbiµ
δPGTω
i
µ = −∂µθi − ǫijkωjµθk − ∂µξρ ωiρ − ξρ ∂ρωiµ.
(4)
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In the above symmetries, the parameter describing local Lorentz transformations is θi(x) and that
describing general coordinate transformations is ξµ, both transformations being of infinitesimal
order. It is to be noted that the nature of these transformations depend on the behaviour of a
field under the action of the Lorentz group. Thus any field having the general nature of the triad
field biµ, i.e. which transforms as a vector in both spaces, have the same transformations as given
above in (4). In particular, we list the transformations of two fields ‘λ’ and ‘f ’ which will be
required later in this article,
δPGTλ
i
µ = −ǫijkλjµθk − ∂µξρ λiρ − ξρ ∂ρλiµ
δPGT f
i
µ = −ǫijkf jµθk − ∂µξρ f iρ − ξρ ∂ρf iµ.
(5)
The first-order BHT model we work with, to begin with, contains the usual Einstein-Hilbert
piece along with a cosmological term. Now, PGT is formulated on the Riemann-Cartan spacetime
where both curvature and torsion play their parts. Originally however, BHT gravity was formu-
lated in the Riemann spacetime, which has zero torsion. To be able to enforce this condition,
torsion is included in the action via coupling to a dynamical Lagrange multiplier field λiµ. The
distinctive term of the BHT theory which contains the square of curvature is incorporated into
the action with the help of an auxiliary field, such that the action is rendered linear in curva-
ture. On imposition of the equation of motion for f iµ, the curvature square term of original BHT
is recovered. The lagrangian, with all the above described terms and their individual coupling
parameters, take the following form:
L = aǫµνρ
(
σbiµRiνρ −
Λ
3
ǫijkb
i
µb
j
νb
k
ρ
)
+
a
m2
LK + 1
2
ǫµνρλiµTiνρ. (6)
Here Riνρ and Tiνρ are the Riemann tensor and torsion defined earlier, while LK is defined as:
LK = 1
2
ǫµνρf iµRiνρ − bVK
VK = 1
4
(
fiµf
iµ − f2) , (7)
where b denotes the determinant of the basic triad field biµ. The equations of motion corresponding
to variations with respect to the basic variables biµ, ω
i
µ, f
i
µ and λ
i
µ, respectively, are given below:
aǫµνρ
(
σRiνρ − Λǫijkbjνbjρ
)− ab
m2
T µi + ǫµνρ∇νλiρ −
ab
2m2
Θij
(
f jµ − bjµ) = 0 (8a)
ǫµνρ
[
aσTiνρ +
a
m2
∇νfiρ + ǫijkbjνλkρ
]
= 0 (8b)
a
2m2
[ǫµνρRiνρ − b (f µi − fb µi )] = 0 (8c)
1
2
ǫµνρ Tiνρ = 0. (8d)
Here f = fhρ b
ρ
h is the trace of the field f
i
µ and T µi is defined as:
T µi = b µi VK −
1
2
(
fikf
kµ − ff µi
)
. (9)
The term Θij = fij − fji is proportional to the antisymmetric part of the field f iµ. Similarly, we
can define an antisymmetric combination from λiµ as Ψij = λij − λji. The equations of motion
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however show that both fields fij and λij are symmetric [8]. Hence Θij = Ψij = 0. Later, in this
section itself, we see that Θij and Ψij appear as constraints of the theory. Thus the symmetry of
the auxiliary fields is also a result of the constraint structure and does not involve a true equation
of motion (involving accelerations).
Next, we summarize the hamiltonian description of the theory along with a proper identifica-
tion of the constraints a` la Dirac, following [8]. The momenta corresponding to the basic fields
are defined in the standard manner p = ∂L
∂q˙
. The canonical hamiltonian, defined as HC = pq˙ −L,
Basic Field biµ ω
i
µ f
i
µ λ
i
µ
Conjugate Momenta π µi Π
µ
i P
µ
i p
µ
i
Table 1: The basic fields and their corresponding momenta
after some rearrangements is given by:
HC = bi0Hˆi + ωi0Ki + f i0Rˆi + λi0Ti + ∂αDα, (10)
where the relevant quantities are defined below:-
Hˆi = Hi + a
m2
b T 0i
Hi = ǫ0αβ
(
aσRiαβ − aΛ ǫijkbjαbkβ +∇αλiβ
)
Ki = −ǫ0αβ
(
aσTiαβ +
a
m2
∇αfiβ + ǫijkbjαλkβ
)
Ri = − a
2m2
ǫ0αβ Riαβ
Rˆi = Ri + a
2m2
b
(
f 0i − fb 0i
)
Ti = −1
2
ǫ0αβ Tiαβ
Dα = ǫ0αβ
[
ωi0
(
2aσbiβ +
a
m2
fiβ
)
+ bi0λiβ
]
.
(11)
The canonical analysis of this model, done in [8], treats the second-class sector in a mixed
manner. It employs a set of Dirac brackets to eliminate a sector of the second-class constraints
that arise from the primary sector, and fixes the Lagrange multipliers corresponding to the other
set. Now, it turns out that all the momenta give rise to primary constraints. These are listed
below:
φ
µ
i := π
µ
i − ǫ0αβλiβ δµα ≈ 0 (12a)
Φ µi := Π
µ
i − 2aǫ0αβ
(
σbiβ +
1
2m2
fiβ
)
δµα ≈ 0 (12b)
P
µ
i ≈ 0 ; p µi ≈ 0. (12c)
Among the above primary constraints, the set X := (π αi ,Π
α
i , P
α
i , p
α
i ) fixes the corresponding
Lagrange multipliers in an appropriately defined total hamiltonian
HT = HC + sum of all primary constraints,
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and hence are second class in nature. To eliminate this sector X an appropriate set of Dirac
brackets is introduced. Consequently, the momenta (π αi ,Π
α
i , P
α
i , p
α
i ) can now be eliminated
and the analysis is carried in a reduced phase space with a modified algebra, given below:
{biα, λjβ}∗ = ηijǫ0αβ (13a)
{ωiα, f jβ}∗ =
(
m2
a
)
ηijǫ0αβ (13b)
{λiα, f jβ}∗ =
(−2m2σ) ηijǫ0αβ . (13c)
The other brackets in this new algebra turn out to be same as the corresponding Poisson brackets.
In particular, we note the following brackets, derivable using (13) and using the inverse property
of the triad field biµb
µ
j = δ
i
j ,
{b µi , π νj }∗ = b µj b νi
{b µi , λjν}∗ = ǫ0αβ b βi bjµ δαν .
(14)
Since no Poisson brackets are employed in our analysis and all our brackets correspond to this
reduced space algebra, we will henceforth drop the starred bracket notation and indicate the
changed algebra with usual braces, i.e. {, }∗ := {, }.
The final constraint structure in our reduced space is presented in Table 2 and the required
First Class Second class
Primary Σ(3)i = π
′′ 0
i , Σ(4)i = Π
0
i p
0
i , P
0
i
Secondary Σ(1)i = H¯i , Σ(2)i = K¯i Ti, Rˆ′i
Tertiary Θij, Ψij
Quartic χ, ϕ
Table 2: Constraints under the modified algebra classified.
quantities are defined below:
π′′ 0i := π
0
i + f
l
i P
0
l + λ
l
i p
0
l
H¯i := Hˆi + f liRˆl + λl iTl + b ρi (∇ρλjk)bk0 pj0 + b ρi (∇ρfjk)bk0 P j0
K¯i := Ki − ǫijk
(
λ
j
0 p
k0 − bj0λkl pl0
)
− ǫijk
(
f
j
0 P
k0 − bj0fkl P l0
)
ϕ := σf + 3Λ0 +
1
2m2
VK
χ := λiµb
µ
i = λ.
(15)
The total hamiltonian density in the reduced phase space may be defined at first as the
canonical hamiltonian plus all primary constraints that have not been eliminated, i.e.
HT = HC + ui0φ 0i + vi0Φ 0i + wi0p 0i + zi0P 0i . (16)
However, in the reduced phase space, p 0i and P
0
i are both second-class and are consequently used
to fix the multipliers wi0 and z
i
0. These can now be added to the canonical hamiltonian density
6
HC to form a new quantity, often denoted as H(1)
H(1) := HC + sum of primary second-class constraints with determined multipliers
= bi0H¯i + ωi0K¯i (17)
The total hamiltonian density now becomes:
HT = H(1) + sum of all primary first-class constraints with arbitrary multipliers
= bi0H¯i + ωi0K¯i + ui0π′′ 0i + vi0Π 0i . (18)
In the next section we see, that, it is this modified hamiltonian density H(1) which becomes useful
in our construction of symmetry generators of this mixed-model, with both first and second-class
sectors. It plays a part analogous to that played by HC in systems with only first-class sector or
systems where the second-class sector is completely eliminated using Dirac brackets.
3 Construction of the hamiltonian generator
In this section we proceed to systematically construct an off-shell generator of the model (6)
following the method shown in [25,26]. Let us denote the relevant (first-class) constraints in our
theory (see Table 2) as:
Σ(I) =
[
Σ(A); Σ(Z)
]
, (19)
where A = 3, 4 are primary (first class) constraints, Z = 1, 2 secondary (first class) constraints
and I = 1, 2, 3, 4 constitute all (first class) constraints. The total hamiltonian density (18) may
then be written as
HT = H(1) + χ(A) Σ(A), (20)
with the notation χ(3) = ui0 and χ
(4) = vi0.
By a gauge generator we mean a field dependent quantity G, such that for any quantity F
which is a function of the basic fields, the bracket {F,G} gives the variation δF consistent with
the variations of the basic fields. In particular we then have
δq = {q,G}. (21)
Now, the Dirac prescription for the generator is to consider a linear combination of all first class
constraints
G =
∫
d2x ε(I)Σ(I) (22)
where ε(I) are the gauge parameters. However, not all of these are independent. We have to now
eliminate the dependent parameters and write the generator in terms of the independent gauge
parameters alone.
We start by noting that the gauge variations are not completely arbitrary, but must commute
with time derivatives i.e. (
δ • d
dt
)
q ≡
(
d
dt
• δ
)
q, (23)
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where
d
dt
q = {q, ∫ HT }. Both sides of (23) can be evaluated separately using the generator (22)
and the total hamiltonian (18). The generator is composed of the first class constraints and the
total hamiltonian density is the sum of H(1) and the primary first class constraints. So the algebrae
required will be those in-between the first class constraints and that of the first class sector with
H(1). For calculation, we introduce some structure functions and calculate these required algebrae.
By a theorem due to Dirac [36] the first-class constraints must close amongst themselves, i.e.
{
Σ(I)i(x),Σ(J)j(x
′)
}
=
∫
d2x′′
(
CKIJ
)
ijk
(x′′, x, x′) Σ k(K) (x
′′). (24)
Also note that H(1) (17) is a first-class quantity as the total hamiltonian must be first-class. This
is analogous to the first-class nature of the canonical hamiltonian in a system with only first-class
constraints. So we must have{∫
H(1),Σ(I)i(x)
}
=
∫
d2x′
(
V JI
)
ik
(x′, x) Σ k(J) (x
′). (25)
Using the above definitions (24) and (25) in (23), we reach the following set of equations relating
the gauge parameters [25,26]:
δχ(A)(x) =
dε(A)(x)
dt
−
∫
d2x′ ε(I)(x′)
[(
V AI
)
(x, x′) +
∫
d2x′′ χ(B)(x′′)
(
CAIB
)
(x, x′, x′′)
]
(26)
0 =
dε(Z)(x)
dt
−
∫
d2x′ ε(I)(x′)
[(
V ZI
)
(x, x′) +
∫
d2x′′ χ(B)(x′′)
(
CZIB
)
(x, x′, x′′)
]
. (27)
Among them, the second condition makes it possible to choose (A) independent gauge parameters
from the set ε(I) and express the generator G (22) entirely in terms of them. This shows that the
number of independent gauge parameters is equal to the number of independent, primary first-
class constraints [37]. As for the first condition, it does not impose any new condition on the gauge
parameters ε. It is actually a consistency check of the whole scheme as it can be independently
derived, using the second equation and the generator constructed [25, 26]. We will demonstrate
this explicitly in the case of our model, later.
Note that the derivation of (27) is based only on the relation between the velocities and the
canonical momenta, namely, the first of the Hamilton’s equations of motion [25, 26]. The full
dynamics, implemented through the second of Hamilton’s equations
(
dp
dt
= {p,H}
)
, involving
accelerations, is not required to impose restrictions on the gauge parameters. Since this is the
only input in our method of abstraction of the independent gauge parameters, we note that our
analysis is off-shell.
3.1 Required algebrae and finding the structure functions
Before we begin, let us recall that all brackets are computed in the reduced phase space where
a sector (second-class) of the original primary constraints has been eliminated by modifying the
Poisson algebra. The algebra thus being used was presented in (13) and its corollary (14).
Algebrae within primary first-class sector: The algebrae in this sector can be calculated directly
with the definition of π′′ 0i given in (15). They all turn out to be either zero, or negligible square
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of constraint type terms (composed of all constraints, first and second class).
{π′′ 0i , π′′ 0j } = 0
{π′′ 0i ,Π 0j } = 0
{Π 0i ,Π 0j } = 0.
(28)
Algebrae within secondary first-class sector: This may also be calculated using the basic algebra
(13) and the definitions (15). We list these below [8]
{H¯i, H¯j} = −ǫijk
(
fkn − fηkn
)
{H¯i, K¯j} = −ǫijk H¯k
{K¯i, K¯j} = −ǫijk K¯k.
(29)
Algebrae between primary and secondary first-class: Note that there are two forms of total hamil-
tonian; HT defined in (16) with the Lagrange multipliers for the primary second-class undeter-
mined, and the other HˆT , with Lagrange multipliers corresponding to the primary second-class
fixed (18). These are equal upto terms which are square in constraints [8] and hence the difference
is ignored. Now we have {HT , π′′ 0i } = H¯i, and thus
{HˆT , π′′ 0i } = H¯i. (30)
Using the definition of HT given in (18), and after performing some manipulations, we arrive at:
b
j
0 {H¯j , π′′ 0i }+ ωj0 {K¯j , π′′ 0i } = 0. (31)
Note that the brackets in (31) involve the first-class algebra within itself, which is closed. Terms
linear in constraints must come from some constraint out of Table 2. An inspection of the same
table reveals that there exist no combination of constraints such that one multiplied by bj0 can-
cels out the other multiplied with ωj0. Thus the brackets in question must themselves be zero.
Similarly, the bracket {HT ,Π 0i } = K¯i results in the other set of brackets (between Π 0i and H¯j or
K¯j) to also be equal to zero. We list the results below:
{H¯j, π′′ 0i } = 0
{K¯j , π′′ 0i } = 0
{H¯j ,Π 0i } = 0
{K¯j ,Π 0i } = 0.
(32)
Structure functions of the algebrae within first-class: We can now collect and list the CIJK ’s
defined in (24) from the results of all the previous algebrae calculated in this section. Only the
non-vanishing ones are explicitly written.(
C211
)
ijk
(x′′, x, x′) = −ǫijn (fnk − fδnk ) δ(x− x′′)δ(x′′ − x′)(
C112
)
ijk
(x′′, x, x′) = −ǫijk δ(x− x′′)δ(x′′ − x′)(
C222
)
ijk
(x′′, x, x′) = −ǫijk δ(x− x′′)δ(x′′ − x′)
(33)
In particular, we see that structure functions for algebrae within the primary first-class vanishes.
Also, since the algebrae between any two first-class constraints can be expressed in terms of only
the secondary first-class, all the CAIJ turn out to be zero.
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Algebrae between H(1) and first-class constraints: The other other set of required algebrae (25)
can now be calculated using the definition H(1) = bi0H¯i + ωi0K¯i. We note that this is just a
combination of the secondary first-class constraints. So we use the appropriate algebrae between
first-class constraints in the calculations.
{H(1), π′′ 0i } = H¯i
{H(1),Π 0i } = K¯i
{H(1), H¯i} = ǫijkωj0H¯k + ǫijkbj0
(
fkn − fηkn
)
K¯n
{H(1), K¯i} = ǫijkbj0H¯k + ǫijkωj0K¯k
(34)
Structure functions of H(1) with first-class sector: The set V IJ defined in (25) can be read off
from the algebrae (34) calculated above. We list the non-vanishing ones below:
(
V 11
)
ik
(x′, x) = ǫijk ω
j
0 δ(x− x′)(
V 21
)
ik
(x′, x) = ǫijl b
j
0
(
f lk − fδlk
)
δ(x− x′)(
V 12
)
ik
(x′, x) = ǫijk b
j
0 δ(x− x′)(
V 22
)
ik
(x′, x) = ǫijk ω
j
0 δ(x− x′)(
V 13
)
ik
(x′, x) = ηik δ(x− x′)(
V 24
)
ik
(x′, x) = ηik δ(x− x′).
(35)
3.2 The generator
Having found all the required structure functions, we can now construct the relations between the
gauge parameters ε(I) given through the master equation (27).
ε˙(1)i = ε(3)i − ε(1)kǫijkωj0 − ε(2)kǫijkbj0
ε˙(2)i = ε(4)i − ε(2)kǫijkωj0 − ε(1)kǫklj
(
f li − fηli
)
b
j
0
(36)
Note that the algebrae between the primary first-class constraints with all other first-class being
zero (33), no C-structure function appears in the above relations. After using these equations (36)
in the generator (22) to eliminate the gauge parameters ε(3) and ε(4), we obtain the generator in
terms of the two independent gauge parameters ε(1) and ε(2).
G =
∫
d2x
[{
ε˙(1)i + ε(1)k ǫ ijk ωj0 + ε
(2)k ǫ
ij
k bj0
}
π′′ 0i
+
{
ε˙(2)i + ε(2)k ǫ ijk ωj0 + ǫ
(1)kǫ
lj
k bj0
(
f il − fδil
)}
Π 0i
+ ε(1)i H¯i + ε(2)i K¯i
]
. (37)
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The parameters can be renamed (ε(1) = τ , ε(2) = σ), and the expression (37) be arranged to
arrive at the generator
G =
∫
d2x [Gτ (x) + Gσ(x)]
Gτ = τ˙ i π′′ 0i + τ i
[
H¯i − ǫijkωj0π′′k0 − ǫijkbj0
(
fkn − fηkn
)
Π 0n
]
Gσ = σ˙iΠ 0i + σi
[
K¯i − ǫijkωj0Πk0 − ǫijkbj0π′′k0
]
.
(38)
The above generator was also reported in [8], where an on-shell method of constructing gauge
generators following [24], was used. Our’s however, is an explicitly off-shell method of construction.
Also note that that the number of independent gauge parameters here (3 + 3 = 6) is equal to the
total number of (independent) primary first-class constraints (see Table 2), as mentioned earlier
(see discussion below eq. 27).
In the next section, we construct the symmetries of the basic fields obtained by the above
generator and study their relation with the underlying Poincare´ symmetries of the model.
4 The symmetries and their mapping: hamiltonian to Poincare´
The symmetries of the basic fields
(
biµ, ω
i
µ, f
i
µ, λ
i
µ
)
can be calculated using the generator (38)
constructed in the previous section. The algebra used (13) is that defined in the reduced space as
explained earlier in Section 2. Thus the variation of the triad field ‘b’ is
δGb
h
ζ = ∂ζτ
h − ǫhjkτ jωkζ − ǫhjkσjbkζ . (39)
It is clear from a comparison between this symmetry generated via hamiltonian gauge generator
and that of the PGT symmetry (4) of ‘b’, that the Poincare´ symmetries of local Lorentz rotation
and general diffeomorphism cannot be identified in the set δGb
h
ζ . We therefore map the arbi-
trary gauge parameters τ i and σi to the Poincare´ parameters ξµ and θi to recover the Poincare´
symmetries. The map used is
τ i = −ξρ biρ
σi = −θi − ξρ ωiρ.
(40)
This type of map was reported earlier in studies of topologically massless [32, 38] as well as
massive [39] models of gravity. In [32], it was shown explicitly that though both δG and δPGT
generate off-shell symmetries, they can be related to each other through the map (40) only on-
shell, i.e. upon imposition of the equations of motion. We will shortly see that something similar
also happens here.
On using the above map in (39), we get the following form of symmetry for the triad:
δGb
h
ζ = −∂ζξρ bhρ − ξρ ∂ζbhρ + ǫhjkξρbjρωkζ + ǫhjkθjbkζ + ǫhjkξρωjρbkζ
= −∂ζξρ bhρ − ξρ ∂ρbhζ − ǫhjkbjζθk + ξρ
(
∂ρb
h
ζ − ∂ζbhρ + ǫhjkωjρbkζ − ǫhjkωjζbkρ
)
= δPGT b
h
ζ + ξ
ρ T hρζ . (41)
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We thus recover the PGT symmetry, but modulo terms which vanish on-shell. To see this, note
the equation of motion (8d) corresponding to the field λ. Since torsion is antisymmetric in its
Greek indices, i.e. T iµν = −T iνµ, we have
ǫµνρ T iνρ = 0 ⇒ T iνρ = 0.
This phenomenon – that among all the equations of motion the imposition of vanishing torsion
is required to come back to the PGT (local Lorentz + diffeomorphisms) symmetries, from the
hamiltonian gauge symmetries, is remarkable. As was earlier noted, the difference between the
original and PGT formulation of BHT theory lies in that the former is built on Reimannian
spacetime (only curvature, zero torsion), while the latter on Riemann-Cartan spacetime (both
curvature and torsion). So we do not find it surprising that the triad field biµ, which alone makes
up the metric gµν , is restored to its expected PGT symmetry by use of zero torsion condition.
Coming back to hamiltonian gauge symmetries, let us examine another field, the axillary field
‘f ’. The gauge transformation of ‘f ’ generated by the generator (38) is
δGf
h
ζ = τ˙
if hi δ
0
ζ + ∂α
(
τ ifhi
)
δαζ − ǫhjkτ if jiωkαδαζ + τ ib µi
(
∇µfhk
)
bk0δ
0
ζ − ǫijkτ iωj0fkhδ0ζ
−
(
m2
a
)
ǫhjkτ
jλkαδ
α
ζ −
(
m2
a
)
ǫhjkτ
iλ
j
ib
k
αδ
α
ζ − ǫhjkσjfkζ . (42)
Use of the map (40) in the above transformation gives
δGf
h
ζ = δPGT f
h
ζ +
m2
a
ǫµρζ ǫ
µνσ ξρ
[ a
m2
∇νfhσ + ǫhjkbjνλkσ
]
+
m2
a
ǫµ0ρ ǫ
µ0σ ξρ
[ a
m2
∇0fhσ + ǫhjkbj0λkσ
]
δ0ζ − ξρ T i0ρ fhi δ0ζ . (43)
As seen earlier in case of the triad, here too we see that the hamiltonian symmetry is equal to
the PGT symmetries modulo the equations of motion. In this case, the equations of motion for
the fields ‘λ’ and ‘ω’ (8) are required to identify with the PGT symmetries. Also in the above
computations, use of the constraint Θij = f ij − f ji is required.
The symmetries for the other two fields ‘ω’ and ‘λ’ also give similar results, only the algebraic
nature is more involved. Thus all the fields have two sets of symmetries, the PGT symmetries
and the hamiltonian gauge symmetries. Both of these are off-shell in nature. But they can be
identified with each other only on-shell.
Now, a subtle issue arises in this identification of the two symmetries through the use of the
map (40). The map between the two sets of independent gauge parameters is field dependent in
nature. As a result, one may wonder whether one can use this map at the level of the generator,
i.e. before computation of symmetries. Once the map is used in the generator itself, it will give
rise to non-trivial brackets with other fields when computing the symmetries. The proper way to
frame the question would be to study the commutativity manifested in the diagram:
G[τ, σ] −−−−→ δ[τ,σ]yMap yMap
G[ξ, θ] −−−−→ δ[ξ,θ] −−−−−−−−−−−→
on-shell
δPGT
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The issue however can be resolved on noting that the generator is nothing but a combination of
(first-class) constraints multiplied by the gauge parameters, and possibly, other fields. Thus, when
terms apart from the constraints (in this case - especially the parameters) gives rise to brackets,
they are rendered insignificant due to multiplication with a constraint. So it is immaterial whether
we use the map in the gauge symmetries generated by the hamiltonian generator, or in the mapped
generator itself.
If we use the map (40) in the generator (38) constructed in the previous section, we get, upto
terms proportional to square of constraints
G =− ξ˙µ [biµπ 0i + ωiµΠ 0i + λiµp 0i + f iµP 0i ]− ξµ
[
biµHˆi + ωiµKi + λiµTi + f iµRˆi
+ (∂µb
i
0)π
0
i + (∂µω
i
0)Π
0
i + (∂µλ
i
0)p
0
i + (∂µf
i
0)P
0
i
]
− θ˙iΠ 0i − θi
[
Ki − ǫijk
(
b
j
0π
k0 + ωj0Π
k0 + λj0p
k0 + f j0P
k0
)]
. (44)
This generator also generates symmetries of the basic fields and these agree with those of PGT
on-shell [8]. Thus our results are in agreement with the above conclusion of commutativity of the
diagram given above.
4.1 Consistency check
We will now finally show an internal consistency check of the algorithm given through the relation
(26) obtained in section 3. This relation, unlike its twin (27), is not a new restriction on the gauge
parameters as it can be independently derived through use of (27) and the generator (38) as was
shown in [26]. Note that the construction of the generator itself is independent of (26). We start
with an observation on the equation of motion of the field bi0
b˙i0 = {bi0,
∫
HT } = ui0, (45)
where in the last step, we used the total hamiltonian density given in (18). The variation of the
Lagrange multiplier ui0 can thus be obtained from the variation of the field b
i
0 calculated in (39)
δbi0 = ∂0τ
i − ǫijkτ jωk0 − ǫijkσjbk0. (46)
So, we have
δui0 =
d
dt
δbi0 =
d
dt
[
τ˙ i − ǫijkτ jωk0 − ǫijkσjbk0
]
= ε˙(3)i. (47)
Use has been made of the redefinitions (ε(1) = τ , ε(2) = σ) and the relations between the gauge
parameters (36) which were found by employing only the second relation (27). Turning now to
the first relation (26) that also gives variations of the Lagrange multipliers, we see for A = 3, i.e.
χ(3) = ui0,
δχ(3) = δui0 =
dε(3)i
dt
−
∫
d2x ε(I)k(V 3I)
i
k −
∫
d2x ε(I)k
∫
d2x′ χ(B)j(C3IB)
i
jk. (48)
Since V 3I = 0 (35) and C
3
IB = 0 (33), we finally get
δui0 =
dε(3)i
dt
, (49)
which is nothing but (47). This shows the internal consistency of our scheme.
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5 Discussions
In this paper we have constructed the hamiltonian gauge generator of the cosmological BHT
model described in first-order form by the action (6) using a completely off-shell method. We
have explicitly found the hamiltonian gauge symmetries resulting from this generator and shown
that these symmetries can be mapped to the Poincare´ symmetries only on-shell, through a mapping
of the gauge parameters. Remarkably the vanishing torsion condition, which takes us from the
Riemann-Cartan spacetime of first order PGT formulation to the usual metric formulation in
Riemann spacetime, plays an important role in this on-shell mapping. We also noted that the
map used by us, which is also quite common in the literature [32, 38, 39], is field dependent.
We clarify why this does not cause any problem in computation of the symmetries through the
generator. It can be used both directly in the generator, i.e. before computation of symmetries
and also after computation of symmetries through the generator. The two processes were shown
to be equivalent.
Finally we would like to comment that our results would be useful in finding the corresponding
conserved charges of BHT gravity consistently at an off-shell level. This would in turn play an
important role in the obtention of the central charges of the asymptotic symmetry.
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